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Abstract
One of the most widely used chiroptical spectroscopic methods for studying chiral molecules is
Raman optical activity; however, the chiral Raman optical activity signal is extremely weak. Here,
we theoretically examine enhanced chiral signals in a system with strongly prepared molecular
coherence. We show that the enhanced chiral signal due to strong molecular coherence is up to four
orders of magnitude higher than that of the spontaneous Raman optical activity. We discuss several
advantages of studying the heterodyned signal obtained by combining the anti-Stokes signal with a
local oscillator. The heterodyning allows direct measurement of the ratio of the chiral and achiral
parameters. Taking advantage of the molecular coherence and heterodyne detection, the coherent
anti-Stokes Raman scattering technique opens up a new potential application for investigation of
biomolecular chirality.
∗ mn.tuguldur@tamu.edu
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I. INTRODUCTION
Raman scattering from chiral molecules results in different scattered intensities for right-
and left-circularly polarized incident light. This is the fundamental concept of the chiroptical
spectroscopic tool called Raman optical activity (ROA) [1–7]. Since the pioneering works
by L. D. Barron et al. in the early 1970s, ROA has been of great interest due to its
potential applications in the study of biomolecules. Applications of ROA are widespread
since it allows us to retrieve molecular structural and conformational information through
spectral analysis of vibrational modes of chiral biomolecules that is sometimes unobtainable
by other methods. Nowadays, the ROA method is advanced enough and commercialized
[3]. However, the intensity of the chiral signal provided by ROA is not strong enough due
to weak magnetic dipole and electric quadrupole interactions. In spite of extensive studies
on chirality via ROA, enhancing the chiral signal is still a challenge. Thus one is constantly
examining newer methods for the study of chiral signals [8–11].
Coherent anti-Stokes Raman scattering (CARS) is known to be extremely useful in study-
ing molecular vibrations and has several advantages over spontaneous Raman spectroscopy
[12]. Thus, it has been argued that it is better to study chirality by using CARS [13, 14] and
we might refer to this as CARS-ROA. The first experimental realization of infrared- as well
as visible-excited CARS-ROA was reported in Refs. [15–17]. It was found that the contrast
of the visible-excited CARS-ROA spectrum of (−)-β-pinene compared with spontaneous
ROA measurement can be higher by two orders of magnitude [17].
It is well known that typical CARS signal is coherent and its magnitude is several times
stronger than spontaneous Raman signal due to molecular coherence[18–21]. Consequently,
it seems to be that enhancement due to molecular coherence is also valid for chiral nonlinear
signals. This question is still unanswered. Thus, unlike early theoretical works [13, 14] on
CARS-ROA which consider complete electrodynamical treatment of the problem, we focus
on molecular coherence and its role on enhancement of CARS-ROA signals. Particularly,
we develop theoretical model for CARS-ROA and show how molecular coherence allow
us to obtain stronger CARS-ROA signal (see Fig. 1). In our model, CARS-ROA process
is separated into two parts in sequential time; one with preparing the molecular system
with well-defined coherence and another with using a laser field to scatter from molecular
coherence to produce a chiral anti-Stokes signal. It is estimated that the CARS-ROA signal is
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FIG. 1. Schematic illustration of CARS-ROA.
four orders of magnitude bigger than that produced by spontaneous Raman techniques. We
also discuss many advantages of heterodyning the CARS-ROA signal with a local oscillator
at the anti-Stokes frequency and of pre- and post-choosing the polarizations. Heterodyning
gives the most direct measurement of the chirality coefficient, especially the one arising from
a nonvanishing magnetic dipole contribution.
II. THEORETICAL MODEL OF CARS-ROA
In this section we present our model for the enhancement of CARS-ROA signals. The
generation of the spontaneous ROA signal is depicted in Fig. 2a. The system is excited by
a pump beam of frequency ωl and the scattered beam (or the spontaneously generated radi-
ation) carries the information about the chirality of the molecule. The chiral contributions
arising from the magnetic dipole and the quadrupole contributions have been extensively
evaluated [1]. On the other hand, K. Hiramatsu et al. [15–17] reported the observation of
ROA signals via coherent anti-Stokes Raman scattering (see Fig. 2b). The generated signal
at 2ωl − ωs is coherent and carries signatures of the Raman optical activity.
Guided by the advantages of molecular coherence [22] we consider that the molecular
system has been prepared in a coherent superposition of the levels |1〉 and |2〉. This can
be done by using ultrashort pulses (much shorter than the transverse relaxation time T2
for the molecule). This initial preparation has the advantage of preparing all the molecules
vibrating in unison. Thus, the situation we consider is shown in Fig. 2b where we assume the
molecular system with moderate amount of molecular coherence. Note that the maximum
allowed value of coherence is 1/2. The molecular coherence has a frequency close to the
vibrational frequency ωv, and it will decay as exp{(−t/T2)}. We next scatter the laser field
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FIG. 2. Transition paths in the molecular level scheme for various spectrocopic techniques. a)
Spontaneous ROA b) CARS-ROA.
of frequency ωl for molecular coherence to produce a coherent scattered signal at the anti-
Stokes frequency ωas = ωl + ωv. Advantages of using molecular coherence in CARS-ROA
measurement are discussed after we present expressions for the signals. For the model of
Fig. 2b we need to calculate the induced polarization and magnetization to first order in the
field El. It is necessary to include both dipole and quadrupole contributions. The signal at
frequency ωas can then be obtained using the Maxwell equations.
The semiclassical Hamiltonian of the molecule–field system is written as
Hˆ = Hˆ0 + Hˆint, (1)
where
Hˆ0 =
∑
r
h¯ωr|r〉〈r|,
Hˆint =− µˆ · El(t)− mˆ ·Bl(t)− 1
3
∑
α,β
qˆαβ∇αEl,β(t). (2)
The free Hamiltonian of a molecule with transition frequency ωr is denoted by Hˆ0 and {|r〉}
are molecular electronic and vibrational states. The interaction Hamiltonian Hˆint consists of
three terms, namely electric dipole µˆ, magnetic dipole mˆ and electric quadrupole moment
qˆαβ . The electric and magnetic fields of the incident laser pulse at time t are denoted by
El(t) and Bl(t), respectively. Without loss of generality, we choose the z-axis as propagation
direction of the incident laser pulse throughout this paper. First, let us assume the incident
laser pulse to be x-polarized and denote it by El,x(t). We choose this electric field of incident
laser pulse to have center frequency ω
(0)
l and delay time τ as El,x(t) = El,x(t − τ)e−iω
(0)
l
t in
the time domain and El,x(ωl) = El,x(ωl − ω(0)l )ei(ωl−ω
(0)
l
)τ in the frequency domain.
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Using first-order perturbation theory, the βth components of induced dipole and quadrupole
moments are found to be
µ
(e)
β (ωas) =
1
π
∫ ∞
−∞
dωl α˜βα(ωas − ωv)El,α(ωl − ω
(0)
l )e
i(ωl−ω
(0)
l
)τ
Γ2 + (ωas − ωv − ωl)2 Γρ21(0),
µ
(m)
β (ωas) =
1
π
∫ ∞
−∞
dωl G˜βα(ωas − ωv)Bl,α(ωl − ω
(0)
l )e
i(ωl−ω
(0)
l
)τ
Γ2 + (ωas − ωv − ωl)2 Γρ21(0),
mβ(ωas) =
1
π
∫ ∞
−∞
dωl G˜βα(ωas − ωv)El,α(ωl − ω
(0)
l )e
i(ωl−ω
(0)
l
)τ
Γ2 + (ωas − ωv − ωl)2 Γρ21(0),
µ
(q)
β (ωas) =
ikγ
3π
∫ ∞
−∞
dωl A˜β,γα(ωas − ωv)El,α(ωl − ω
(0)
l )e
i(ωl−ω
(0)
l
)τ
Γ2 + (ωas − ωv − ωl)2 Γρ21(0),
qγβ(ωas) =
1
π
∫ ∞
−∞
dωl A˜α,γβ(ωas − ωv)El,α(ωl − ω
(0)
l )e
i(ωl−ω
(0)
l
)τ
Γ2 + (ωas − ωv − ωl)2 Γρ21(0), (3)
where ρ21(0) is the off-diagonal term of the molecular density matrix at initial time 0 and
kγ is the γth component of the wavevector of the incident laser pulse. Explicit forms of
the electric dipole polarizability tensor α˜, electric dipole–magnetic dipole optical activity
tensors {G˜, G˜ } and electric dipole–electric quadrupole optical activity tensors {A˜, A˜ } are
given in Appendix B. The tilde in these expressions indicates that the tensors are complex
valued. The superscripts e, m and q in Eq. (3) represent the perturbation due to electric
dipole, magnetic dipole and electric quadrupole interactions, respectively. Here, we focus on
the contribution coming from the molecular coherence ρ21 as the contributions from ρ22 and
ρ11 will be small. It should be noted that the conventional calculation of the ROA involves
the ground state population ρ11 and hence the tensors arising from the use of the molecular
coherence are somewhat different due to the use of the initial conditions.
Unlike traditional ROA signals which are due to spontaneous Raman processes, we con-
centrate here on the CARS-ROA signals. This is possible as the system in prepared with
significant molecular coherence and all the molecules contribute coherently to the signal.
Thus the CARS-ROA signal is proportional to N2, where N is the number of molecules in
the laser beam:
I(CARS-ROA) = N2|E(ωas)|2, (4)
where E(ωas) is electric field of scattered anti-Stokes light at frequency ωas. The signal (4)
is to be compared with the incoherent ROA signal
I(CARS-ROA)
I(ROA)
∼= N |ρ21|
2
ρ11
, (5)
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and clearly CARS-ROA can be many orders larger than I(ROA). Here, we have assumed
that the laser pulse is applied immediately after molecular coherence has been created. A
more flexible scenario would be to apply the laser pulse after a delay τ . Then one needs
to take into account the decay of the molecular coherence ρ21(t)→ ρ21(0) exp(−iωvt− Γt),
where Γ = 1/T2 is the molecular dephasing constant. For this scenario, it is more con-
venient to work in the frequency domain where the molecular coherence has the form(
1/
√
2π
) ∫∞
−∞
dtθ(t)ρ21(t)e
iωt. Therefore, the anti-Stokes signal at ωas will be produced from
the laser pulse at frequency ωas − ωv and the molecular coherence at ωv.
Scattered anti-Stokes field only at forward direction z is under consideration. In this
case, right- and left-circularly polarized components ExR/L = eL/R · Ex of scattered anti-
Stokes field Ex are found to be proportional to the molecular coherence ρ21 between ground
|1〉 and excited |2〉 states when we omit frequency dependence of polarizability and optical
activity tensors. Clearly, the net signal will be given by
ExR/L(ωas, τ) ∝
N√
2
(
αxx ± iαyx + ikl
3
Ax,zx − ikas
3
Ax,zx
± 1
c
G′yy ∓
kl
3
Ay,zx ± 1
c
G′xx ±
kas
3
Ax,yz
)
F (ωas, τ), (6)
where
F (ωas, τ) =
1
π
∫ ∞
−∞
dωl
El,α(ωl − ω(0)l )ei(ωl−ω
(0)
l
)τ
Γ2 + (ωas − ωv − ωl)2 Γρ21(0). (7)
Here, the sign at the top (bottom) refers to right- (left-) circularly polarized component
of the scattered field. The tensors α, G′ and A are now real-valued (see Appendix B for
details) and their values are replaced by the values at the central value ω
(0)
l of the incident
laser pulse.
For simplicity, finite duration of pump and Stokes fields is disregarded in Eq. (7). Its
inclusion will modify ρ21(0) to
ρ21(0) ≃
∑
{|3〉}
i〈2|µˆβ|3〉〈3|µˆα|1〉
2h¯2
∫ ∞
−∞
dωp
Es,β(ωv − ωp + ω(0)s )Ep,α(ωp − ω(0)p )
ω31 − ωp − iΓ3 (8)
where Ep,α and Es,β are the electric fields of pump and Stokes, respectively and Γ3 is decay
constant of the levels {|3〉}. The result Eq. (8) also holds for the scheme of Fig. 3b. Detailed
derivation of this expression is given in Appendix A.
We close this section by giving a brief discussion of some methods for producing molecular
coherence. One method, as shown in Fig. 3a, uses laser pulses which cause off-resonant
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FIG. 3. Two methods to create the molecular coherence: a) non-resonant Raman excitation and
b) two-photon mid-infrared excitation.
Raman transition between the levels |1〉 and |2〉 as say in time-resolved CARS [19, 20, 23–
26]. However, much stronger pulses need to be used to produce strong molecular coherence
between the levels |1〉 and |2〉.
Another way to produce maximum molecular coherence could be chirped-pulse adiabatic
control where molecular coherence is efficiently controlled by linearly chirped pump and
Stokes pulses or constant chirp in the pump and sign flipped chirp in the Stokes pulse [27].
This is a robust and efficient control on molecular coherence.
The alternative method uses mid-infrared fields to create a two-photon transition between
the levels |1〉 and |2〉 (see Fig. 3b). The two-photon transition-created molecular coherence
survives even after averaging over the orientations. This method can produce one to two
orders stronger molecular coherence in comparison with spontaneous technique [28]. In
addition, this method uses a low-power infrared laser, and therefore it may be considered a
safe method for biological samples.
In the next sections we discuss various special cases of CARS-ROA by pre- and post-
selecting polarizations.
III. LIN-CIR AND CIR-LIN CARS-ROA
When the laser pulse is linearly polarized along the x-axis, the circular components
of the scattered emission can be measured for studying chiral molecules. We name this
configuration of measurement Lin-Cir CARS-ROA. In this case, using expression (6) for the
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anti-Stokes electric field, the difference spectrum IxR− IxL and circular intensity sum IxR + IxL
are found to be
IxR − IxL ∝
(
180aG′ + 4γ2(G′)
45c
− 6γ
2(A)− 2(ωas/ωl)γ2(A)
45c
)
N2|F |2 (9)
and
IxR + I
x
L ∝
45a2 + 7γ2(α)
45
N2|F |2. (10)
The real-valued tensor invariants a, G′, γ2(α), γ2(G′) and γ2(A) are defined by [5, 29]
a2 =
1
9
αλ1λ1αλ2λ2 ,
γ2(α) =
1
2
(3αλ1λ2αλ1λ2 − αλ1λ1αλ2λ2),
aG′ =
1
9
αλ1λ1G
′
λ2λ2 ,
γ2(G′) =
1
2
(3αλ1λ2G
′
λ1λ2 − αλ1λ1G′λ2λ2),
γ2(A) =
ωl
2
ǫλ2λ3λ4αλ1λ2Aλ3,λ4λ1 . (11)
Equations (9) and (10) are very similar to the signal terms found by L. D. Barron [1].
The small difference disappears upon making the nonphysical assumption ωl = ωas. How-
ever, these equations now have more deep physical meaning since these signals depend on
molecular coherence ρ21 and most importantly on N
2. In addition, note that the difference
spectrum (9) and circular intensity sum (10) are τ -dependent.
Using Eqs. (9) and (10) along with the fact that the generated molecular coherence for
schemes of Fig. 3 can be two orders higher than that of spontaneous Raman (see for example
Refs. [24, 28]), we reach the conclusion that IxR∓ IxL for Lin-Cir CARS-ROA are at most 104
times larger than that for ROA. Here, we should note that not only the difference spectrum
is enhanced but also the circular intensity sum. Therefore, the circular intensity difference
∆ = (IxR−IxL)/(IxR+ IxL) does not change. However, the enhancement in absolute magnitude
of difference spectrum allows us to significantly increase the signal-to-noise ratio for the
chiral signal.
For circularly polarized laser and linearly polarized scattered light, we call this configu-
ration Cir-Lin CARS-ROA. The difference spectrum can be found as
IRx − ILx ∝
(
180aG′ + 4γ2(G′)
45c
− 6(ωas/ωl)γ
2(A)− 2γ2(A)
45c
)
N2|F |2, (12)
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and the circular intensity sum IRx + I
L
x is the same as that of Lin-Cir CARS-ROA (see
Appendix C and D for details). Since the dependence on molecular coherence remains in
Eq. (12), the enhancement factors are the same for Lin-Cir and Cir-Lin CARS-ROA.
IV. HETERODYNE MEASUREMENTS WITH A LOCAL OSCILLATOR
In the case of heterodyne measurement with a local oscillator ELO of frequency ωas, the
heterodyne signal is defined as
IxR/L ∝ |ExR/L + ELO|2, (13)
where ELO = ELO,R/L = eL/R · ELO, that is, we assume right- and left-circularly polarized
components of the local oscillator are equal to each other. The local oscillator can be
obtained from the laser pulse used to create CARS-ROA by modulating it. Then, the
difference spectrum and circular intensity sum are found to be
IxR − IxL ∝
(
180aG′ + 4γ2(G′)
45c
− 6γ
2(A)− 2(ωas/ωl)γ2(A)
45c
)
N2|F |2
+
8√
2c
G′N Re(FE∗LO) (14)
and
IxR + I
x
L ∝
45a2 + 7γ2(α)
45
N2|F |2 + 4√
2
aN Re(FE∗LO). (15)
The first terms in Eqs. (14) and (15) are Lin-Cir CARS-ROA signals whereas the second
terms are heterodyne signals. In order to recover the heterodyne signal we need to remove
the first terms in Eqs. (14) and (15). The way to do so is to measure signal Eqs. (14) and
(15) with two different phases of ELO, namely φ and φ+ π phases, and to subtract the two
heterodyne difference spectra (similar method for CARS was reported in Ref. [30]). This
enables us to measure only the heterodyne chiral parameter G′ and achiral parameter a,
that are,
(IxR−IxL)φ − (IxR − IxL)φ+pi ∝
16√
2c
G′N Re(F |ELO| exp(iφ)),
(IxR+I
x
L)φ − (IxR + IxL)φ+pi ∝
8√
2
aN Re(F |ELO| exp(iφ)). (16)
Note the striking aspect of Eq. (16): it directly determines the ratio of tensor invariants G′
and a. This would be the first direct measurement of this ratio. Furthermore, the expressions
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in Eq. (16) still depend on the molecular coherence ρ21 via F . Hence, the heterodyne chiral
signal (16) can be enhanced by factor of 102 at most. An estimate of the magnetic and
quadrupole contributions is given in the experiments of D. Che and L. A. Nafie [31], where
it is reported that such contributions to ROA signals are about 1000 times smaller than the
electric dipole one.
V. DISCUSSION AND CONCLUSIONS
We predict that, depending on the type of measurement configuration, a chiral signal 102−
104 times stronger in magnitude can be obtained by creating strong molecular coherence.
This is for Lin-Cir and Cir-Lin CARS-ROA. As shown above, molecular coherence enhances
not only the difference spectrum but also the intensity sum too. This is one of the key points
of the present paper.
Furthermore, we present a new heterodyne measurement scheme that allows us to ex-
perimentally determine the ratio of tensor invariants G′ and a. A general expression for
the CARS-ROA signal consists of not only the actual heterodyne signal but also the signal
coming from interference between chiral and achiral terms which includes the product of
aG′ and other anisotropic tensor invariants γ2(G′) and γ2(A). This interference term makes
the heterodyne measurement less accurate. To overcome this difficulty one may measure
the heterodyne difference spectrum and circular intensity sum with two different phases of
local oscillator and eliminate the interference term coming from chiral and achiral terms by
subtracting the measured signals. As a result, the measured signal only depends on G′ and
a, which enables us to obtain the ratio between G′ and a.
For materials that are not heat resistant, such as biological molecules, we suggest either
the two-photon mid-infrared excitation method or resonant Raman excitation method for
inducing molecular coherence. Both methods use low power of excitation, and consequently,
they are expected to be safe for most samples.
In summary, we demonstrated that the chiral signal could be enhanced via molecular
coherence in comparison with ROA signals where molecular coherence essentially plays no
role. In the case of non-resonant Raman excitation, the enhancement factor is estimated
up to 104. Such benefit of the molecular coherence provides a new alternative technique
for investigating chiral molecules in stereochemistry and biochemistry. Although we have
10
restricted to the lowest-order optically active processes, we expect molecular coherence to
play an equally important role in higher-order optically active processes.
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APPENDIX
Appendix A: Initial molecular coherence
For completeness and the convenience of the reader, details of derivation of Eq. (8) are
presented in this appendix. Problem is to find time dependent molecular coherence ρ21(t)
created by pump Ep(t) and Stokes Es(t) pulses. Using semiclassical light matter Hamiltonian
H(I)(t) in the interaction picture we obtain molecular density operator ρˆ(I)(t) and its matrix
element ρ
(I)
21 (t) in the interaction picture as follow
ρˆ(I)(t) ≃
(
− i
h¯
)2 ∫ t
t0
dt′′
∫ t′′
t0
dt′ [Hˆ(I)(t′′), [Hˆ(I)(t′), ρˆ(I)(t′)]] (A1)
and
ρ
(I)
21 (t) ≃
(
− i
h¯
)2
〈2|µˆβ|3〉〈3|µˆα|1〉
∫ t
t0
dt′′
∫ t′′
t0
dt′ eiω23t
′′
eiω31t
′
Es,β(t
′′)Ep,α(t
′). (A2)
Here, initial condition for density matrix is ρ11(t0) = 1. New variables t1 and t2 defined in
Fig. 4 can simplify double integral in Eq. (A2) to
ρ21(t) ≃
(
− i
h¯
)2
〈2|µˆβ|3〉〈3|µˆα|1〉
×
∫ ∞
−∞
dt2 θ(t2)e
−iω21t2Es,β(t− t2)
∫ ∞
−∞
dt1 θ(t1)e
−iω31t1Ep,α(t− t1 − t2), (A3)
where θ(t) is Heaviside step function. With the standard definition of Fourier transform of
a function F (t) as
F (t) =
1√
2π
∫ ∞
−∞
dω F (ω)e−iωt,
11
pump stokes
FIG. 4. New time variables t1 and t2 used in Eq. (A3)
F (ω) =
1√
2π
∫ ∞
−∞
dt F (t)eiωt (A4)
and using convolution theorem, finally, we obtain dynamics of molecular coherence as follows
ρ21(t) ≃ 〈2|µˆβ|3〉〈3|µˆα|1〉
2πh¯2
∫ ∞
−∞
dωp
∫ ∞
−∞
dΩ
e−iΩtEs,β(Ω− ωp)Ep,α(ωp)
(ωp − ω31 + iΓ3)(Ω− ω21 + iΓ) . (A5)
When pump and Stokes pulses are nearly in two-photon resonance with transition ω21 the
factor 1/(Ω− ω21 + iΓ) in Eq. (A5) yields −iπδ(Ω− ω21), and consequently, Eq. (A5) with
summation over all possible excited states {|3〉} provides us Eq. (8).
Appendix B: Polarizability and optical activity tensors
Our starting point is the field-matter interaction Hamiltonian (1). Once we calculate the
polarizability tensor with electric dipole interactions, the procedure for derivation of optical
activity tensors is straightforward.
The induced polarization of a single molecule is given by
µ(t) = Tr[µˆρˆ(t)] =
∑
{3}
(µ13ρ31(t) + µ23ρ32(t) + µ31ρ13(t) + µ32ρ23(t)) , (B1)
where ρˆ(t) is a density matrix of a single molecule. The time evolution of ρˆ(t) is governed
by the von Neumann equation dρˆ(t)/dt = (−i/h¯)[Hˆ(t), ρˆ(t)], and exploiting first-order per-
turbation theory, the density matrix elements ρ31(t) and ρ32(t) at time t are found to be
ρ31(t) = e
−iω31t
(
− i
h¯
)∫ t
0
dt′H
(I)
32 (t
′)ρ21(0),
ρ23(t) = e
−iω23t
(
i
h¯
)∫ t
0
dt′ ρ21(0)H
(I)
13 (t
′). (B2)
Here, we keep only anti-Stokes Raman terms. Matrix elements of the Hamiltonian in the
interaction picture are denoted by H
(I)
32 (t
′) and H
(I)
31 (t
′) and their explicit form is given by
H
(I)
32 (t
′) = −〈3|µˆα|2〉El,α(t′)e−Γ|t′|eiω32t′ , (B3)
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H
(I)
13 (t
′) = −〈1|µˆα|3〉El,α(t′)e−Γ|t′|eiω13t′ , (B4)
where dephasing constant Γ is introduced as a part of electric field as El,α(t
′) exp(−Γ|t′|).
Then spectral decomposition of electric field is given by
El,α(t
′)e−Γ|t
′| =
1√
2π
∫ ∞
−∞
dωl
[
1√
2π
∫ ∞
−∞
dω′El,α(ω
′)
√
2/πΓ
Γ2 + (ωl − ω′)2
]
e−iωlt
′
. (B5)
Furthermore, Eqs. (B2) yield
ρ31(t) =
1
2πh¯
∫ ∞
−∞
dωl
〈3|µˆα|2〉
ω32 − ωl − iΓ3
∫ ∞
−∞
dω′El,α(ω
′)
√
2/πΓ
Γ2 + (ωl − ω′)2ρ21(0)e
−i(ω21+ωl)t,
ρ23(t) =
1
2πh¯
∫ ∞
−∞
dωl
〈1|µˆα|3〉
ω31 + ωl + iΓ3
∫ ∞
−∞
dω′El,α(ω
′)
√
2/πΓ
Γ2 + (ωl − ω′)2ρ21(0)e
−i(ω21+ωl)t,
(B6)
Plugging ρ31(t) and ρ23(t) into Eq. (B1), we obtain βth component of induced electric dipole
moment due to electric dipole perturbation as follows:
µ
(e)
β (t) =
1
2π
∫ ∞
−∞
dωl α˜βα(ωl)
∫ ∞
−∞
dω′El,α(ω
′)
√
2/πΓ
Γ2 + (ωl − ω′)2 e
−iωltρ21(0)e
−iω21t. (B7)
Here, superscript (e) indicates that the electric dipole moment is induced by electric dipole
perturbation. The polarizability tensor is defined by
α˜βα(ωl) =
1
h¯
∑
{3}
(〈1|µˆβ|3〉〈3|µˆα|2〉
ω32 − ωl − iΓ3 +
〈1|µˆα|3〉〈3|µˆβ|2〉
ω31 + ωl + iΓ3
)
, (B8)
where summation over all possible excited states {|3〉} is taken. In the same way, βth
component of induced electric dipole moments µ
(m)
β (t) due to magnetic dipole perturbation,
µ
(q)
β (t) due to electric quadrupole perturbation, induced magnetic dipole mβ(t) and electric
quadrupole qγβ(t) moments due to electric dipole perturbation are, respectively
µ
(m)
β (t) =
1
2π
∫ ∞
−∞
dωl G˜βα(ωl)
∫ ∞
−∞
dω′Bl,α(ω
′)
√
2/πΓ
Γ2 + (ωl − ω′)2 e
−iωltρ21(0)e
−iωvt,
mβ(t) =
1
2π
∫ ∞
−∞
dωl G˜βα(ωl)
∫ ∞
−∞
dω′El,α(ω
′)
√
2/πΓ
Γ2 + (ωl − ω′)2 e
−iωltρ21(0)e
−iωvt,
µ
(q)
β (t) =
1
2π
∫ ∞
−∞
dωl
i
3
A˜β,γα(ωl)kγ
∫ ∞
−∞
dω′El,α(ω
′)
√
2/πΓ
Γ2 + (ωl − ω′)2 e
−iωltρ21(0)e
−iωvt,
qγβ(t) =
1
2π
∫ ∞
−∞
dωl A˜α,γβ(ωl)
∫ ∞
−∞
dω′El,α(ω
′)
√
2/πΓ
Γ2 + (ωl − ω′)2 e
−iωltρ21(0)e
−iωvt, (B9)
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where superscripts m and q denote magnetic dipole and electric quadrupole perturbations,
respectively, and kγ is the γth component of wave-vector of the incident laser pulse. In
Eq. (B9), the electric dipole-magnetic dipole optical activity tensors {G˜, G˜ } and electric
dipole-electric quadrupole optical activity tensors {A˜, A˜ } are defined as follows:
G˜βα =
1
h¯
∑
{3}
(〈1|µˆβ|3〉〈3|mˆα|2〉
ω32 − ωl − iΓ3 +
〈1|mˆα|3〉〈3|µˆβ|2〉
ω31 + ωl + iΓ3
)
, (B10)
G˜βα =
1
h¯
∑
{3}
(〈1|mˆβ|3〉〈3|µˆα|2〉
ω32 − ωl − iΓ3 +
〈1|µˆα|3〉〈3|mˆβ|2〉
ω31 + ωl + iΓ3
)
, (B11)
A˜β,γα =
1
h¯
∑
{3}
(〈1|µˆβ|3〉〈3|qˆγα|2〉
ω32 − ωl − iΓ3 +
〈1|qˆγα|3〉〈3|µˆβ|2〉
ω31 + ωl + iΓ3
)
, (B12)
A˜α,γβ =
1
h¯
∑
{3}
(〈1|qˆγβ|3〉〈3|µˆα|2〉
ω32 − ωl − iΓ3 +
〈1|µˆα|3〉〈3|qˆγβ|2〉
ω31 + ωl + iΓ3
)
. (B13)
In the frequency domain, induced dipole moment due to electric dipole perturbation is
determined by Fourier transform of Eq. (B7) as follows:
µ
(e)
β (ωas) =
1
π
∫ ∞
−∞
dωl α˜βα(ωas − ωv)El,α(ωl − ω
(0)
l )e
i(ωl−ω
(0)
l
)τ
Γ2 + (ωas − ωv − ωl)2 Γρ21(0), (B14)
where vibrational frequency ωv = ω21 and the electric field of the laser pulse in time domain
is defined as El,α(t) = El,α(t − τ)e−iω
(0)
l
t and its Fourier transform is given by El,α(ωl) =
El,α(ωl−ω(0)l )ei(ωl−ω
(0)
l
)τ . Similarly, other induced dipole and quadrupole moments are written
in the frequency domain as follows:
µ
(m)
β (ωas) =
1
π
∫ ∞
−∞
dωl G˜βα(ωas − ωv)Bl,α(ωl − ω
(0)
l )e
i(ωl−ω
(0)
l
)τ
Γ2 + (ωas − ωv − ωl)2 Γρ21(0),
mβ(ωas) =
1
π
∫ ∞
−∞
dωl G˜βα(ωas − ωv)El,α(ωl − ω
(0)
l )e
i(ωl−ω
(0)
l
)τ
Γ2 + (ωas − ωv − ωl)2 Γρ21(0),
µ
(q)
β (ωas) =
ikγ
3π
∫ ∞
−∞
dωl A˜β,γα(ωas − ωv)El,α(ωl − ω
(0)
l )e
i(ωl−ω
(0)
l
)τ
Γ2 + (ωas − ωv − ωl)2 Γρ21(0),
qγβ(ωas) =
1
π
∫ ∞
−∞
dωl A˜α,γβ(ωas − ωv)El,α(ωl − ω
(0)
l )e
i(ωl−ω
(0)
l
)τ
Γ2 + (ωas − ωv − ωl)2 Γρ21(0), (B15)
where Bl,α(ω − ω(0)l ) is a Fourier transform of envelope function of magnetic field. Here,
|1〉, |2〉 and |3〉 are ground and excited electro-vibrational states of a molecule. Generally,
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the tensors (B8) and (B10)–(B13) are complex valued (tilde of these tensors means that
they are complex), but commonly used assumptions are: (a) the Born–Oppenheimer ap-
proximation, where each molecular state is a direct product of electronic and vibrational
wavefunctions; and (b) we can always choose real wavefunctions in the absence of exter-
nal magnetic field, so allowing us to assume the electric dipole and quadrupole moment
operators are purely real and the magnetic dipole moment operator is purely imaginary.
With these two assumptions, we have only three tensors (without tilde), namely real-valued
tensors (αβα)12 and (Aβ,γα)12 = (Aβ,γα)12, and imaginary-valued tensor (Gβα)12 = (G
∗
αβ)12.
Moreover, we exclude the imaginary unit i from (Gβα)12 by introducing the purely real tensor
(Gβα)
′
12 = i(Gβα)12.
The scattered electric fields Eµ, Em and Eq at point rn in radiation zone due to electric
dipole, magnetic dipole and electric quadrupole moments, respectively, are given by [32]
Eµ = Z0
ck2as
4π
eikasr
r
(n×µ)× n,
Em = Z0
k2as
4π
eikasr
r
(m× n),
Eq = Z0
ick3as
12π
eikasr
r
(q× n)× n, (B16)
where Z0 =
√
µ0/ǫ0, (q)α = qαβnβ and n is direction of emission. The wave-number for
oscillating dipole and quadrupole moments is denoted by kas. Next, we calculate the electric
fields of scattered emission for several different pulse configurations using Eq. (B16) along
with the induced moments Eqs. (B14) and (B15).
Appendix C: Lin-Cir CARS-ROA
Lin-Cir CARS-ROA refers to difference between right- and left-circularly polarized com-
ponents of the scattered pulse when the incident probe pulse is linearly polarized. Let
us choose x-polarized incident laser pulse El,x(t) propagating along z direction; then after
squaring the Eq. (6) and averaging over random orientations of the molecules, we obtain
intensities of circularly polarized components of scattered anti-Stokes emission as follows:
IxR/L ∝ (ExR/L + ELO)(ExR/L + ELO)∗ ∝
45a2 + 7γ2(α)
90
N2|F |2 ± 180aG
′ + 4γ2(G′)
90c
N2|F |2
∓ 6γ
2(A)
90c
N2|F |2 ± ωas
ωl
2γ2(A)
90c
N2|F |2 +
√
2aN Re(FE∗LO)±
4√
2c
G′N Re(FE∗LO),
(C1)
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where ELO = ELO,R/L = (1/
√
2)(ex ± iey) ·ELO is circular components of local oscillator at
frequency ωas.
Appendix D: Cir-Lin CARS-ROA
Cir-Lin CARS-ROA refers to measurement of linearly polarized component of scattered
emission provided right- and left-circularly polarized incident pulses are present. Thus, we
consider a circularly polarized incident laser pulse propagating along z direction whose field
components are
El,x(t) =
El(t)√
2
, El,y(t) = ∓iEl(t)√
2
, Bl,x(t) = ±iEl(t)√
2c
, Bl,y(t) =
El(t)√
2c
, (D1)
where sign at the top indicates right-circularly polarized incident light whereas sign in the
bottom indicates left-circularly polarized incident light. In the same manner as Lin-Cir
CARS-ROA, we obtain x and y components of scattered emission at forward direction
n = ez as follows:
ER/Lx ∝
N√
2
(
αxx ∓ iαxy + ikl
3
Ax,zx − ikas
3
Ax,zx ± 1
c
G′xx ±
kl
3
Ax,zy ± 1
c
G′yy ∓
kas
3
Ay,xz
)
F,
ER/Ly ∝
N√
2
(
αyx ∓ iαyy ± kl
3
Ay,zy ∓ kas
3
Ay,yz − i
c
G′yy +
ikl
3
Ay,zx − i
c
G′xx −
ikas
3
Ax,yz
)
F.
(D2)
After averaging over random molecular orientations, the intensity is found to be
IR/Lx ∝
(
45a2 + 7γ2(α)
90
± 180aG
′ + 4γ2(G′)
90c
∓ ωas
ωl
6γ2(A)
90c
± 2γ
2(A)
90c
)
N2|F |2
+
√
2aN Re(FE∗LO)±
4√
2c
G′N Re(FE∗LO), (D3)
where ELO = ex · ELO.
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